We analyze a similar scheme for producing light-mediated entanglement between atomic ensembles, as first realized by Julsgaard, Kozhekin and Polzik [Nature 413, 400 (2001)]. In the standard approach to modeling the scheme, a Holstein-Primakoff approximation is made, where the atomic ensembles are treated as bosonic modes, and is only valid for short interaction times. In this paper, we solve the time evolution without this approximation, which extends the region of validity of the interaction time. For short entangling times, we find this produces a state with similar characteristics as a two-mode squeezed state, in agreement with standard predictions. For long entangling times, the state evolves into a non-Gaussian form, and the two-mode squeezed state characteristics start to diminish. This is attributed to more exotic types of entangled states being generated. We characterize the states by examining the Fock state probability distributions, Husimi Q distributions, and non-local entanglement between the ensembles. We compare and connect several quantities obtained using the Holstein-Primakoff approach and our exact time evolution methods.
I. INTRODUCTION
Quantum phenomena are typically associated with the microscopic world where delicate quantum states are thought to be impossible to generate for all but the smallest number of particles. In the last few decades, macroscopic systems have been created in which large number of particles behave quantum mechanically. Some remarkable examples which have been achieved experimentally are cantilevers being in superposition of oscillation modes [1] , non-classical state generation and teleportation of macroscopic atomic ensembles [2] [3] [4] [5] . On the other hand it is well-known that macroscopic quantum systems often suffer from decoherence exponentially with particle number [6, 7] and the quantum mechanical properties of the state can only be sustained for very short times. This apparent inconsistency is resolved by understanding that decoherence is a state-dependent process. Some states such as Schrodinger cat states are highly susceptible to decoherence, while coherent states are relatively robust. By using quantum states which are less affected by decoherence, this gives the possibility of realistically realizing macroscopic states that can be used for various applications such as quantum metrology and quantum information [8] [9] [10] [11] [12] [13] [14] [15] .
Currently, the types of states used in large ensemble states fall under two basic categories, continuous variable (CV) [16, 17] or discrete quantum states. CV has been extensively used to model entanglement and teleportation using degrees of freedom analogous to quadratures of light, and has been extremely successful in demonstrating entanglement generation and teleportation between multiple ensembles [2, 4] . Here the transversal spin operators, normally (J z and J y ) of a J x polarized spin ensemble are treated as canonical position and momentum quadratures of the quantum harmonic oscillator. Deviations from the polarized state on the Bloch sphere, are mapped onto position and momentum variables according to the Holstein-Primakoff (HP) approximation x = J y / √ 2N and p = J z / √ 2N , where N is the particle number. The approximation as a single quantum harmonic oscillator mode is accurate as long as the quantum states is close to the original J x polarization ( Fig. 1(b) ). However, for states that deviate from near the J x polarization the approximation breaks down and the full spin degrees of freedom must be considered ( Fig. 1(c) ). We call such a regime where the HP approximation can no longer be used the "beyond-CV" regime, as a correct description must involve keeping track of spin, rather than mode operators.
In experiments such as Ref. [2] , the type of entangled state is a two-mode squeezed state under the HP approximation. In this experiment, described schematically in Fig. 1(a) , the entanglement is generated by letting two polarization modes of a laser interact with two atomic ensembles via the ac Stark shift [18] [19] [20] [21] . A pair of measurements is then made on the light after interfering the modes. While it is well-established that the procedure creates two-mode squeezed states in the ensembles, given that the ensembles are not genuine quantum harmonic oscillator modes, a question remains of what happens in the light-matter interaction is strong enough such that the HP approximation breaks down. This question is particularly relevant as recently several experiments have reported the generation of non-Gaussian spin ensemble states [5, [22] [23] [24] [25] [26] . For our purposes we define nonGaussian states as those with quasiprobability distributions (i.e. the Wigner or Husimi Q-distribution) that cannot be described by a Gaussian form. An important question in this context is: what are the characteristics of the states that are generated by the scheme of Fig.  1(a) in the beyond-CV regime?
In this paper, we investigate the quantum states created by a similar protocol to that introduced in Ref. [2] but without using the HP approximation. The procedure is described in Fig. 1(a) , where initially atom-lightatom entanglement is created due to an ac Stark shift interaction. The HP approximation restricts the region of validity to only short interaction times between the atoms and the light. Using our exact time evolution techniques, this allows us to consider long interaction times which can produce states that requires one to use the full spin formalism. The light is then measured, which produces atom-atom entanglement. We analyze the resultant state by examiing the probability distributions, Husimi Q-distributions, and entanglement. This paper is structured as follows. In Sec. II we first review the standard approach using the HP approximation, and derive a procedure that maps between quantum states on the atomic ensembles and the approximated mode representation. In Sec. III we construct a theory of measurement induced entanglement for the scheme shown in Fig. 1(a) . Our theory of entanglement generation between two atomic ensembles works in the regime where the HP approximation no longer is valid. In Sec. IV, we obtain approximate expressions by analytic methods to find the relation between the two-mode squeezed state and the qubit entangled state. In Sec. V we plot the probability density and Husimi Q-distributions [27] of the entangled state. In doing so, we reveal the properties of the entangled state in the beyond-CV regime, where it differs significantly from a two-mode squeezed state. In Sec. VI we analyze the atomic entangled state in terms of the entanglement generation between the ensembles. We finally give our conclusions in Sec. VII.
II. CONTINUOUS VARIABLE APPROACH TO LIGHT MEDIATED ATOMIC ENSEMBLE ENTANGLEMENT
We now review the standard approach of describing atomic ensemble entanglement based on the technique as described in Refs. [2, 18, 20, 28, 29] . The approach is based on making a HP approximation to the spin variables of the ensembles, and results in two-mode squeezing interaction. After describing the general framework and results of this approach, we describe what this approximation means in terms of the atomic states such that the approach can be compared to our methods introduced in later sections.
A. Standard continuous variables approach
In this section we review the standard theoretical approach of atomic ensemble entanglement based on the HP approximation. In this approach, the discrete collective spin operators are mapped to the continuous canonical position and momentum operators of the harmonic oscillator with unit mass,
which obey the usual commutation relation [x, p] = i. This approximation maps a part of the Bloch sphere around the polarized spin vector in which deviations are discrete into the flat phase space of continuous variables, seen in Fig. 1(b) . Intuitively it is clear that this approximation only is valid when the angular deviation is small, as for larger deviations the mapping become increasingly unsatisfactory, as seen (exaggerated) in Fig.  1(c) . In this framework, an entangled state is modeled as a two-mode squeezed state in which the variance of the total position and relative momentum tend to zero with increased squeezing. The atom-light interaction in the scheme described in Fig. 1 creates a time evolution in which the states of light and matter are entangled, and a measurement of one reveals information about the other. In this scheme, an interaction Hamiltonian of the form
is used, where S z is the Stokes operator describing a light source and J z are the atomic Schwinger boson operators describing the atomic systems. Using the same mapping as in Eq. (1) for both the atomic and photonic operators, we define the canonical continuous variable operators as x at , p at and x ph , p ph respectively. As the laser pulse passes through the atomic samples, the photonic operators evolve according to Heisenberg's equation of motion,
(2) Assuming the operators remain stationary in time for the duration of the experiment, we get the output modes by simple integration as,
Similarly, the atomic operators evolve as [18, 20] 
After the evolution a measurement of x ph is performed, it is measured and collapses to a constant. According to (3) and the fact that
from (7) and (8) this means that the quantity p at,1 (t) + p at,2 (t) also collapses to a constant, provided x ph (0) is small and the dimensionless interaction parameter gt/ is large. This means that the variance of p at,1 (t)+p at,2 (t) is small, which results in correlations between these observables. Meanwhile, from (5) and (6) we have
which means that the correlations between p at,1 (t) and p at,2 (t) can be produced without changing the correlations between x at,1 (t) and x at,2 (t). The procedure is then repeated again but in a different basis in order to generate the correlations between x at,1 and x at,2 . The two atomic systems are rotated around the the J x -axis, which transforms the canonical operators for the first system as x at,1 → −p at,1 and p at,1 → x at,1 , while the second system is rotated in the opposite direction, x at,2 → p at,2 , and p at,2 → −x at,2 . A second measurement of the light field, x ph under the same conditions as before fixes the quantity x at,2 − x at,1 to a constant, and gives a small variance. Similiarly to Eqs. (5) In the continuous variable approximation, one of the total spin operators J
x is set to a constant and the other two operators J y , J z are treated as approximate position and momentum variables. Typically the effect of the atom and light interaction is derived in the Heisenberg picture where it is relatively simple to derive the entanglement. In this section we describe what this approximation means in the Schrodinger picture, which will be the framework that will be used in our analysis in following sections. We deduce the mapping between the original spin and HP approximated bosonic mode Fock states.
First let us write the total spin operators in terms of bosonic modes, which are conventionally defined as Here, a † and b † denote the creation operators for two hyperfine levels of the atoms in each of the ensembles labeled by j. These operators obey bosonic commutation relations [a,
To explicitly observe the HP approximation in terms of bosonic modes, we make a SU(2) transformation
which transforms the spin operators as
The HP approximation requires that we are in the vicinity of a fully J x polarized state, which is
Due to the macroscopic population of the b x state, we may take this mode to be a constant b x ∼ √ N . We thus have
where the position and momentum operators are [17] . We thus see that the HP approximation amounts to setting macroscopically occupied mode to a constant, and treating the remaining mode quantum mechanically.
Given a particular quantum state, we may then transform between the original spin representation and the HP approximated state in the following way. Consider an arbitrary state of the spin ensemble
where
are the Fock states for the spins. According to the above procedure, we must set the b x mode to a constant, hence we must first make a change of basis to the J x Fock states defined as
The state is then written
The matrix elements k x |k are calculated according to Refs. [30, 31] . Setting b x = √ N in (18) results in an unnormalized state, hence we make the association
We may thus say that the spin Fock states in the J x basis are the bosonic mode Fock states in the HP approximation.
III. THEORY OF LIGHT MEDIATED ATOMIC ENSEMBLE ENTANGLEMENT
In this section we introduce our approach of deriving the ensemble-ensemble entanglement in the Schrodinger picture. As shown in Fig. 1(a) , linearly polarized coherent light illuminates two ensembles, each in a coherent spin state. A beam splitter then interferes the light, after which the photons are measured. As described in Sec. II A, the entanglement procedure makes use of two successive measurements of the light field, with the atomic ensembles rotated in between in order to infer correlation in both the J z and J y directions. As the two procedures are identical up to a basis rotation, we restrict our analysis to one of the measurements, which will prove to have rich dynamics as the system is evolved beyond the HP approximation.
The initial state of light is polarized in the S xdirection, which is a superposition of left and right circularly polarized light. The initial quantum state of the light can thus be written
where ξ is the amplitude of the light, and c † , d † are the creation operators for left and right hand circularly polarized light. The Stokes operators are defined as
The initial state of light has the expectation value S x = |ξ| 2 but is zero for S y,z = 0. For the atomic ensembles, the initial state is
where we have defined the coherent spin states as
Here |a n , |b n denote the two hyperfine states of the nth atom in the ensemble, and θ and φ are two arbitrary angles on the Bloch sphere, 0 < θ < π, 0 < φ < 2π. The index j = 1, 2 labels the two ensembles, and N j is the number of atoms in each ensemble. In our calculations, it will be convenient to work with the bosonic formulation of coherent spin states, which is valid as long as the wavefunction in the ensemble is symmetric under particle interchange. This will be always true in our case, as the Hamiltonian used to evolve the system and the initial states are symmetric. The spin coherent state in the bosonic formulation is written
where the bosonic operators a j , b j are defined as in Sec. II B, with the additional j = 1, 2 labels for each ensemble. We note that in Ref. [2] in fact the ground state of the underlying atoms is a F = 4 state, and our case above would strictly speaking correspond to F = 1/2. While these may appear different, another way to view each ensemble is that it is a macroscopic spin with total spin J = N , where all the underlying spins are symmetric under particle interchange. In this picture the constituent particles making up the macroscopic spin become irrelevant to the dynamics as long we make observations in the total spin variable. In this sense our results should be also valid for any F making up the ensemble.
With the use of the spin operators we model the interaction between the two atomic ensembles as a nonlinear quantum non-destructive (QND) Hamiltonian of the form [32] [33] [34] 
where g is the interaction parameter resulting from the ac Stark shift coupling. In terms of physical parameters, this is given by g =
where σ is the resonant absorption cross section for an unpolarized photon on an unpolarized atom, A is the cross section area of the light beam, γ the spontaneous emission rate from the upper atomic level, α v the vector polarizability and I the value of the nuclear spin [18] . The interaction is considered to be a QND if [H, S z ] = 0, which is satisfied in our case. We evolve the system in time by applying the unitary time evolution operator U = exp(−itH/ ) which yields, with the dimensionless entanglement time τ = gt/ ,
where we have expanded the atomic states in the J 
The phases picked up by the interaction are now interfered using a using a 50:50 beam splitter after the light pulse has passed through the two atomic ensembles. The beam splitter transforms the photonic operators as
which yields
where N 2 ) ). The last step is to project the above state on the photonic number states |n c , n d , with measurement outcomes n c and n d respectively. We note here that depending on whether a photon resolving measurement is made, n c and n d may or may not be explicitly known. Regardless of whether this is known, we shall see that entanglement will be produced between the atomic ensembles, on a shot-to-shot level. The state after projecting on the photonic number states is
and
is a normalization factor as a measurement of the light component was made, and irrelevant global phase factors were dropped. Eq. (31) is the core result of this paper, the latter sections are devoted to examining its properties. For zero interaction time
is constant in k 1 and k 2 and the state of the atoms are unaffected by the measurement. Evolving in τ gives entanglement between the two ensembles due to the corre-
In the next section we analyze this function to see what kind of correlations are present due to the atom-light interaction.
IV. ANALYTIC APPROXIMATION OF PROBABILITY DENSITIES
As Eq. (31) is the wavefunction after the interaction with the light, in principle it is possible to derive all physical quantities based on this. However, due to the complicated nature of the coefficient
entirely obvious what kind of entangled state this is and hence it is beneficial to make some analytical approximations. For small light-ensemble interaction times, we expect the atomic entangled state to behave like a twomode squeezed state, as the HP approach should be a good approximation in this regime. First, the binomial coefficient can with good approximation be treated as Gaussian when N ≫ 1,
Secondly, using Stirling approximation we may write for N p ≫ 1 the combination of the binomial and trigonometric functions as a Gaussian function [35] ,
Here, the measured photon numbers in each mode are n c and n d and thus the total photon number is n c + n d = N p . The maximum of the Gaussian occurs at
which has in general multiple solutions for k 1 , k 2 , due to the oscillatory nature of the sine function. As the beam splitter in Fig. 1 (a) is a 50:50 beam splitter, on average we expect that the number of photons in each detector is equal n c ≈ n d ≈ N p /2. Restricting our analysis to small times τ ∼ 1/N , we may linearize the trigonometric functions around x ≪ 1, and obtain the simplified expression for the probability distribution,
The first factor in this expression states that atom Fock states occur with averages k 1,2 = N/2 and with standard deviation √ N /2. This is the same distribution as the original spin coherent states (23) that the atoms are initially prepared in. The second factor gives a correlation between the two atomic modes which results in entanglement. The strength of the correlation is dependent on the square of the dimensionless entanglement time and the number of photons in the interaction.
To confirm our analytical prediction, we numerically plot the probability distribution of the wavefunction in Eq. (31) for different entanglement times in Fig. 2 . When τ = 0, there is no correlation between the two modes and the probability distribution is a Gaussian distribution centered around (37) . This state should be consistent with a two-mode squeezed state, according to the arguments of Sec. II A. To verify this, let us write the wavefunction of the two-mode squeezed state
where the |n are bosonic mode Fock states. To compare the probability distributions of the states, we employ the mapping procedure as discussed in Sec. II B, where the mode Fock states are mapped back onto the spin Fock states in the J x basis. We thus expect that the twomode squeezed state has a state in terms of the spin states according to
where we have restricted the sum to N as now these are now Fock states for the spins, and N TMS is a suitable normalization constant. In the limit N ≫ 1, it is possible to evaluate the sum over k analytically (see Appendix), and we obtain
We see an immediate similarity of the mapped twomode squeezed state probability distribution to (37) . As with the case of the atomic entangled state, there is a Gaussian envelope from the first exponential factor with k 1,2 = N/2 and standard deviation √ N /2. The second exponential induces a correlation between the two modes k 1 and k 2 with squeezing parameter r. Increasing the squeezing parameter r causes the coefficient of the second Gaussian sinh(2r) to increase exponentially, narrowing the distribution in the direction k 1 −k 2 −N = 0 while extending it in the opposite direction. Atomic ensembles have a fixed atom number which restricts the range of k 1,2 , while bosonic modes do not have this restriction. This means that the mode Fock state occupation probability extends to infinity for the HP approximated case. Inspecting the two probability density functions, we can infer a relation between the entanglement time τ and the squeezing parameter, For small squeezing r ≪ 1, we may approximate sinh(2r) ≈ 2r, hence we obtain 2N p N τ 2 ↔ r in this regime. In Fig. 2 and Fig. 3 we compare the probabilities of the atomic states (31) after the interaction with the light with the mapped two-mode squeezed state. We see in general good agreement between the two distributions, with the expected correlations developing with squeezing parameter r.
Further increasing the entanglement time τ , the Fock state correlations become stronger, which the distribution narrowing as would be expected of (37) . For interaction times of order τ ∼ 1, multiple probability distribution peaks appear indicating non-Gaussian behavior (Fig. 2(c)(d) ), due to the periodicity of the trigonometric functions in (36) . The boundary between the linear regime where only one and many correlation peaks occurs is the time τ ∼ 1/ √ N , where weak secondary peaks start to appear in Fig. 2(c) . The corresponding exact probability distribution is shown in Fig. 4(a) , showing good agreement to Fig. 2 (c) After these times the two probability distributions diverge, and the atomic entangled state entangles k-states other than k 1 + k 2 = N , which is apparent from Fig. 2(c)(d) . These correlations beyond the primary peak emerge when there are more than one solution for the maximum of (35) . The multiple peaks signal the breakdown of the HP approximation, where the correlations cannot be treated linearly.
One difference between the approximated distribution and the atomic entangled state is that probability distrir = 0 r = 0.44 r = 1.15 r = 2.4 butions of the former tend to broaden as the number correlations become stronger, while the latter distributions stay within a fixed envelope. This occurs because in the infinitely squeezed limit the mapped two-mode squeezed state (39) is
The probability distribution is thus a perfectly Fock number correlated state with a uniform distribution from k = 0 to N . Such a state never truly occurs in the atomic ensemble wavefunction, due to the development of multiple correlation peaks within a finite envelope probability. The closest distribution to this would be that shown in Fig. 2(b) , where there is one correlation peak and the times are still within the HP approximated regime. From (41) we can estimate the maximum squeezing that is possible
This suggests that it is advantageous to use very bright light in comparison to the ensemble particle number in order to achieve a high squeezing. We note that (43) should be viewed as a theoretical upper bound to the squeezing and in practice there will be other factors such as decoherence which will reduce the maximum possible squeezing further.
At even longer times, the lines become increasingly dense until τ = π 8 , where the probability becomes a checkerboard pattern, where every second k-state has a non-zero probability, as seen in Fig. 4 . Inserting this time, τ = π 8 into (31), while assuming n c = n d , a sum of trigonometric functions, with m = k 1 + k 2 − N + 1 is obtained,
(44) Depending on the parity of n c , this evaluates in two different ways. For even n c , cos 
(45) Dropping overall constant factors and using Eq. (24), we can identify the sums as coherent spin states at distinct positions on the Bloch sphere. The odd state then becomes
while the case for even n c results in a similar state,
Now we see that for this particular time, assuming the measured photon numbers in each mode are equal, we obtain Bell states consisting of states at opposite sides of the Bloch sphere. Since the superposition of states involves spin coherent states at opposite sides of the Bloch sphere, we call the states (46) and (47) "Schrodinger catBell states". However, the axis in which the states are polarized depends on the parity of the n c . For odd values, the state end up in ±J y , while for even numbers, the direction is switched to ±J x . A similar form of entangled states was obtained for a pure J z 1 J z 2 interaction in Ref. [8] . At a time τ = π 4 the atomic states become disentangled again, and the states are unchanged from the initial state |ψ atoms (t = 0) .
V. HUSIMI Q-DISTRIBUTIONS
In the previous section we saw that the light mediated entanglement produced a state with a probability distribution consistent with a two-mode squeezed state for small interaction times, and a more complex correlation structure for longer times. In order to understand the nature of the correlations we analyze the atomic entangled state in terms of coherent spin state Husimi Qdistributions, defined as
As the state that we wish to analyze has two ensembles, the Q-function has four degrees of freedom θ 1 , φ 1 , θ 2 , φ 2 , and cannot be visualized directly. For this reason we consider the marginal and joint Q-functions, where one of the ensembles is traced over in the former case, and the conditional distribution is examined in the latter. The resulting Q-distributions then become a function of two variables which can be visualized.
A. Marginal Q-functions
The marginal Q-function is obtained by tracing out one of the ensembles of the atomic entangled state
and finding the overlap with coherent spin states as defined in (25) . We obtain
(50) In Fig. 5 we see the behavior of the marginal Q-function for different interaction times. The Q-function starts as 
In all plots, the atomic particle number N = 20, and measured photon numbers nc = n d = 10 a symmetric Gaussian at τ = 0, as the initial state is simply a coherent spin state and is independent of the second ensemble [10] 
For short times τ = 1/N , the Q-function starts to broaden in the φ direction, due to the J
Hamiltonian which rotates the spins around the z axis of the Bloch sphere. The partial trace has the effect of collapsing all the various terms in the entangled state, creating a broadening effect, in a similar way to Ref. [8] . Up until the characteristic time τ 1/ √ N , the coherent states are all distributed around the original point in the Bloch sphere to a high degree, due to the fact that A(k 1 , k 2 ) in (32) varies little for different k in the sum. Further evolving in τ creates Gaussians centered at different positions around the equator of the Bloch sphere, in analogy to that seen in Ref. [8] . At τ = π/8 there are two Gaussian distributions at φ = 0, π and θ = π/2, which we attribute to the Schrodinger cat entangled state (47). Finally the Q-functions are periodic in time τ = π/4, as would be expected from (25) .
Let us now compare the Q-functions to a genuine twomode squeezed state to see the degree of agreement. The marginal Q-function (in the space of bosonic modes) of the two-mode squeezed state is
where the coherent state is
This gives the Q-function
which is a Gaussian function of radius ∼ 1/(1−tanh 2 (r)). We compare this by applying the spin-mode mapping from section II B to calculate the Q-function (for bosonic modes) of the mapped atomic entangled state. The first step of the mapping is to transform the state into the J x basis, giving
(56) We then interpret the |k x states to be the bosonic mode Fock state, which allows us to evaluate the Q-function to be
This distribution is defined in the phase space of bosonic modes as a function of the complex parameter α.
The comparison between the two distributions is shown in Fig. 6 . We see that for the genuine two-mode squeezed state, the marginal Q-distribution always remains a symmetric Gaussian, with its radius increasing with squeezing parameter r. The reason for this behavior can be seen from the density matrix (54) which shows that the state is a completely mixed state in the mode Fock states. For r = 0, the state is a vacuum state, and smoothly evolves towards a mixed state involving all mode Fock state numbers. In contrast, the dominant behavior of the atomic entangled state is to broaden along the equator, but not in the longitudinal direction. This is as expected as in our expression (31) we only perform the first entangling step producing correlations in the φ direction but not θ. A second measurement would produce the correlations in the θ direction, with a corresponding broadening in this direction. The spin and mode Q-functions show a general similarity (Figs. 5(a)(b) and 6(a)(b) ), particularly in the short time region where the HP approximation is valid.
B. Ensemble-ensemble correlations
One of the most striking features of the two-mode squeezed state is the presence of non-local correlations between the ensembles, make it useful for tasks such as quantum teleportation. For an infinitely squeezed twomode squeezed state (42), projecting on a |k or |k x state on one mode collapses the other mode into the same state. In this section we examine the correlations between the modes due to the entangling procedure, and compare them to a genuine two-mode squeezing operation.
First let us analyze what is expected for the Q-function of a genuine two-mode squeezed state. Evaluating the Qfunction (for bosonic modes) with respect to (38) gives
2 ) .
In the limit of strong squeezing r → ∞, we have tanh(r) → 1, and only the first exponential factor is present. If we now set α 2 to a constant and consider the Q-distribution on mode 1, we observe that it is centered around α * 2 . In terms of position and momentum, this corresponds to
i.e., the positions are correlated and momenta are anticorrelated. For finite squeezing, the additional Gaussian factor in (58) suppresses the correlation, and the relations (59) tend to saturate at finite values (see Fig. 7(a)(b) ). With this in mind, let us examine the Q-functions of the atomic entangled states. We first examine the spin Q-functions, calculating the overlap of the state with respect to coherent spin states (48), for which we obtain
The a entangling times are shown in Fig. 7(c)(d)(e)(f) , for various choices of interaction times τ and coherent spin state positions θ 2 , φ 2 . We choose the coherent state centers on ensemble 2 according to where the marginal distributions have a significant probability. Choosing θ 2 , φ 2 that are outside the marginal distribution corresponds to very low probability events, giving distributions that are more difficult to interpret. In Fig. 7 (c), we choose a coherent state center displaced along the equator in the positive direction. We see that as expected the coherent spin state follows the chosen angle φ 2 by the same amount. This is the same behavior as would be expected of a two-mode squeezed state. In Fig.  7(d) , we vary the polar angle θ 2 instead. For small times τ = 1/N , we see that the distributions shows a weak anitcorrelation in the angle. The anti-correlation is weaker than in the φ direction, and does not preserve the symmetrical nature of the Q-function. This is again due to the fact that we only include the first measurement in our analysis, which produces the correlations in the φ direction. It is however interesting that a despite not putting in the correlation at all, some anti-correlation is present. For longer times τ = 1/ √ N , the θ correlation becomes weaker, although the φ correlation remains in place.
To better quantify the correlation and anti-correlation between the two ensembles, we take the spin expectation values on ensemble 1 after projecting a coherent spin state on ensemble 2. Denoting the projector on the second ensemble as P (θ 2 , φ 2 ) = |θ 2 , φ 2 θ 2 , φ 2 |, the expectation values are calculated as
where we require a normalization of the state as a projection is being made. We obtain expressions for the average spins as and (63) where N θφ is the normalization factor, common for both expectation values,
The expectation values are shown in Fig. 8 for two different entanglement times, τ = 
where the expectation value involves the projection P (θ 2 , φ 2 ). For both the interaction times, the J y 1 expectations follow the expected sine curve. The J z 1 = 0 indicating that the state remains on the equator of the Bloch sphere at all times. The longer times start to deviate from the genuine two-mode squeezed state, due to the non-Gaussian characteristics that are developing in the state. For the θ correlations (see Fig. 8(a) ), we see the anti-correlations are generally weaker as expected. While in the genuine CV regime one would not expect to see correlations at all (as only the first measurement is included), we nevertheless see a positive slope in which an increase in θ from the ground state θ = π 2 , corresponding to a negative change in the mapped momentum operator, p results in a positive expectation value. The anticorrelations diminish with larger interaction times, hence is generally a weaker effect. Similarly to the φ correlations, the J y is equal to zero for all entanglement times, indicating there is no correlation with φ, as expected.
VI. ENTANGLEMENT
In the previous section, we showed that as the interaction times grow longer, the states evolve into complex states with non-Gaussian properties. For small interaction times the state has the characteristics of a two-mode squeezed state, but for longer times the state deviates from this and the expected correlations degrade. One may be tempted to conclude from this observation that entanglement is degrading in the system. This is in fact untrue as the two-mode squeezing interaction is only an approximation at short times, and at longer times the entangling scheme produces a different type of entanglement at longer times. Due to the large number of degrees of freedom in an ensemble, it is possible to have many different types of entangled state, which are not necessarily simply described as a two-mode squeezed state. This is a similar situation to Ref. [8] , where the system evolves according to a J z 1 J z 2 interaction, and a variety of different types of entangled states are produced.
To show this explicitly, we plot the entanglement as quantified by the von Neumann entropy
where the density matrix is given in (49). The results are shown in Fig. 9 . We see that the entanglement shows a remarkably complex behavior with large dips at certain times. In Fig. 9 (a) the measured photon numbers are equal, and the entanglement is symmetric around the characteristic time τ = π/8. For N = 1 (i.e. a single atom in each ensemble) we see that we recover maximal entanglement at τ = π/8, where the state has the form of a Bell state. The saturation of the entanglement at around half the maximal entanglement is exactly the same behavior as that seen in Ref. [8] , which arose due to the binomial factors present in the wavefunction, which is also present in our case (31) . The binomial factors create an uneven superposition of states which only involve spin Fock states that are centered around k 1 , k 2 = N/2 with width ∼ O( √ N ). We attribute the saturation here to the same origin. We also plot the entanglement of an ideal two-mode squeezed state (39), using the mapping (41) to convert the squeezing parameter r to interaction time. For the ideal two-mode squeezed state, the entanglement increases towards a maximally entangled state, as can be directly seen from (39) where there is an equal superposition of pairs of spin Fock states. Such a state is never attained in our protocol due to the binomial factors as discussed above.
As the measured photon numbers are changed, we see in Fig. 9(b) that the entanglement follows overall the similar behavior, but different amplitudes of the dips in the entanglement. As the change in photon numbers does not change the arguments in Eq. (32), the dips appear at the same times. This behavior is remarkably similar of the fractal "devil's crevasse" entanglement produced by a J z 1 J z 2 interaction [8] . Although in this case the interaction is not precisely the same, the Hamiltonian (26) shares the same form and we attribute the similar entanglement to similar resonances of coherent state as seen in Ref. [8] . The complex structure of dips in the entanglement occur only after the characteristic time τ = 1/2 √ N . Prior to this time there is a monotonic increase of the entanglement, with little variation on the photon number outcomes. We thus expect that for times τ > 1/2 √ N there will be a strong dependence of the state on the obtained photon number. Statistical averaging of states at this time will likely produce states with lower purity, which will degrade the entanglement, if no postselection is used. In contrast, for earlier times τ < 1/2 √ N , there should be less dependence on the photon number. In the limit of very short interaction times τ ∼ 1/N the scheme reduces that to the CV approximated case, which should have very little photon number dependence to the entangled state that is created. Such a behavior is consistent with the results found in Ref. [8] , where the states where robust in the presence of decoherence for entangling times in the region τ ∼ 1/N , but sensitive for longer times τ ∼ O(1). The crossover between decoherence robust and sensitive regimes occurred at times τ ∼ 1/ √ N , which is consistent with the results we observe here.
VII. SUMMARY AND CONCLUSION
We have presented a model and analyzed the quantum state for the light-mediated entangling procedure as described in Refs. [2, [18] [19] [20] [21] with the modification that we restrict us to modeling interaction in one direction. The main benefit of our approach as compared to previous theoretical descriptions is that it does not make the HP approximation, where one of the spin degrees of freedom is treated as a c-number. This allows us to investigate the beyond-CV regime, where the state starts to develop non-Gaussian characteristics. We have investigated this state from the point of view of the Fock number probability distributions, the marginal and joint Q-function distributions, and entanglement between the ensembles. From the simulations we find that the entangled state behaves like a two-mode squeezed state for short entanglement times of τ ∼ 1/N . Further evolving in time, new behavior is seen where the entangled coherent spin states become non-Gaussian in the marginal Q-function and wrap around the equator of the Bloch sphere. As the system enters the non-Gaussian regime, the correlations tend to degrade, where the simple CV correlations between coherent states breaks down. Additionally, we have found an analytical relation between the squeezing parameter when using the HP approximation and the en-tanglement time of the atomic entangled state, which allows us to compare the genuine two-mode squeezed state to the atomic state. This gives a theoretical maximum squeezing that is possible, defined as where the HP approximation starts to break down.
The diminishing of the two-mode squeezed correlations is not due to additional effects such as decoherence entering in the calculation -our calculations do not take these into account and thus may be considered to be the "ideal" behavior. This is evident by looking at the entanglement between the ensembles as shown in Fig. 9 . In fact, the regime where the HP approximation is valid τ ∼ 1/N in fact relatively has small amounts of entanglement compared to longer interaction times. Thus entanglement is certainly present at all times, but it is not a two-mode squeezed state, but a more complex type. Due to the large number of degrees of freedom of an ensemble, there are many different types of entanglement that are possible, in addition to a two-mode squeezed state. These have a non-Gaussian nature, as shown by the Q-functions, and potentially have large amounts of entanglement in them.
At particular times such as τ = π/8 it is possible to write exactly as an entangled Schrodinger cat-Bell states (46) and (47). Such deviations from the HP approximation can also potentially occur in other experimental configurations than those considered here, for example those in Refs. [36, 37] where two-mode squeezed states are induced by atomic interactions between hyperfine states. The degree of deviation depends upon the degree of depopulation of the mode which is treated classically.
In this paper we did not include the effects of decoherence, as we found that the pure state properties are already rather rich, and have not been analyzed fully to our knowledge. In a realistic setting, the main sources of decoherence would be photon and atomic losses, which we expect to degrade the entanglement as observed in Ref. [8] . If the same behavior is observed as the J z 1 J z 2 interaction, then for times τ > 1/ √ N decoherence effects are greatly enhanced due to the generation of Schrodinger cat-like states, which are known to be highly susceptible to decoherence. This scenario is quite likely due to the similar nature of the interaction Hamiltonian
). This suggests that there is a window of interaction times 1/N τ 1/ √ N which is beyond the CV regime and shows non-Gaussian characteristics, yet is still stable under decoherence. One requirement would be that the entanglement state between the atoms would be relatively invariant to the photon counting outcomes n c , n d . To our knowledge this has yet to be observed experimentally, and would display rich physics with potential applications to quantum metrology and computing [9, 10, 22, 23] .
